A novel approach for positron injection and acceleration in laser driven plasma wakefield is proposed. A theoretical model is developed and confirmed through simulations. The proposal is based on employing two co-axially propagating beams ringshaped and Gaussian beams to drive wakefields in a preformed plasma volume filled with both electrons and positrons. The laser's ponderomotive force is utilized to provide the transverse momenta for positron injection and those positrons can be trapped by the focusing field and then accelerated by the wake wave. The simulation shows that a relatively high-charge, quasi-monoenergetic positrons beams can be achieved. The positrons are accelerated to more than 200 MeV within 2mm, which is similar to the acceleration of electrons in the same scenario, with the same normalized peak laser intensities of = 2 for both Gaussian and ring-shaped lasers.
Introduction
Intense relativistic positron beams are crucial for basic plasma physics studies and pairproduction in the field of fundamental physics [1] . They are also believed to exist in violent high-energy astrophysical phenomena [2] . A stable method to generate intense, monoenergetic and fully tunable positron beams enables experimental study of gamma-ray bursts and black holes [3, 4] . Bremsstrahlung-based high-energy positrons are usually produced in linear accelerators (LINACs) and synchrotron facilities via propagating the relativistic electron beams through a thick, high Z targets. However, a positron beam generated by this method is of a continuous energy spectrum and a large transverse geometrical emittance, thus having limited applications.
Since the laser wakefield accelerator(LWFA) concept was proposed in 1979 [5] , a lot of work has been done on electron acceleration using ultrafast terawatt laser systems [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
Researchers have made great progress in producing high quality electron beams [6] [7] [8] [10] [11] [12] as well as in boosting the electron energy [12] [13] [14] [19] [20] [21] [22] . Until recently, experiments demonstrated the generation of sub-hundred MeV positrons by interacting electrons beams from laser-plasma accelerators with high-Z solid targets [23] . However, the resulting positron beams, in addition to the above-mentioned drawbacks, are limited both in positron yield and energy. Hybrid schemes have also been proposed and conducted experimentally to generate low energy (E < 20 MeV) and broad divergence (~1 rad) positron jets with a high positron yield (up to 10 11 per shot) [24] [25] [26] . However, a scheme for positron injection into laser-plasma positron accelerators has yet been absent.
The difficulty of positron acceleration in the "bubble" regime [9] is that positrons, due to their positive charge, are easily expelled away from the bubble in the transverse direction [27, 28] . A short and intense ring-shaped laser with azimuthal symmetric intensity profile, such as Laguerre-Gaussian mode(l, p) = (1,0), where p is radial index and l is azimuthal index, can excite a donut-shaped bubble wakefield in plasma, which is thought to be a good candidate for positron acceleration [29] [30] [31] [32] [33] . Positrons are severely affected in the first half bucket of the donut bubble by the presence of the laser pulse, thus the injection dynamics is completely different from that of electrons.
Here, in this paper a proposal is presented for trapping and injection of positrons utilizing the front half of the second bubbles driven by a Gaussian laser beam and a co-axial propagating ring-shaped laser beam. The Gaussian beam focus spot size is smaller than that of the ring-shaped beam. In the simulations, the positrons fill the whole plasma region with much lower density. Simulations show that the positrons can be scattered either by the center bubble front or by the donut bubble front, depending on their initial location.
The time delay between the two laser beams plays an important role regarding the charge of injected positrons into the center and donut bubbles. The time delay between the two laser beams is examined carefully to investigate the dynamics of the injection and acceleration. The energy spectrum of the accelerated positron beams is quasimonoenergetic and having a maximum kinetic energy up to 200 MeV in this scenario.
Results

Model for Laser-Plasma Injection and Acceleration of Positrons
In this scheme, laser profiles of ( , ) = 0 exp ( In the moving frame of the laser, the positrons in a plasma wakefield structure can experience the process of scattering, trapping and acceleration before they are emitted or decelerated. In the beginning, the positrons are repelled by the electromagnetic force from the laser tail [27, 28] The total force on a positron inside bubble given in Ref. [34] can be written as
The total force of electromagnetic field on a positron acts as a conservative repulsive force, pointing from the center of bubble to the position of the positron, with a strength proportional to the distance between them.
The form of the repulsive force keeps the trajectory of a positron in the same plane. The
Hamiltonian in the polar coordinates of the plane can be expressed as:
Eq. 2
Assuming the scattering procedure of positrons is non-relativistic, two constants of motion can be derived, namely the conservation of angular momentum:
and as the Hamiltonian does not depend on time, the conservation of energy:
The equations of motion (EOM) in polar coordinate are Eq. 9 Substituting Eq. 6 and Eq. 9 into Eq. 5 gives: is the bubble radius, r is the distance between positron and center of bubble, and the scattering angle is the change of direction of the positron before and after the scattering.
If the scattering angle is concerned, a convenient solution can be given as follows.
The equations of motion in Cartesian coordinate are: = 0Eq. 13
The trajectory of positrons inside a bubble is a hyperbola and the scattering angle can be determined from Eq. 13. − 1]Eq. 14
is the Lorentz factor corresponding to the plasma wave phase velocity, = ω / is the plasma wave vector. The Hamiltonian can be expressed as
The minus sign is for electrons and plus sign is for positrons, respectively.
Under the canonical transformation (x, ∥ ) ⟶ (ξ, ∥ ), the Hamiltonian takes the form of
This gives several constants of motion. The first is the conservation of transverse canonical momentum.
Eq. 17
For positrons initially at rest and far from a sufficiently short laser pulse, this is
The other constant of motion is the energy. So for a positron with an initial energy 0 , the solution for longitudinal momentum is
This equation gives the positron trajectory in ( , ∥ ) phase space similar to Fig. 1 
in
Ref. [27] . In the first half-cycle of the wakefield, the wakefield electrostatic force and laser ponderomotive force both act as repulsive force, effectively reflecting back positrons coming from the front like a mirror. While the one dimensional model shows the possibility that these positrons could be accelerated to high energy, in higher dimensions due to the lack of a focusing mechanics, the transverse electrostatic force will scatter these positrons transversely. Positrons will leave the bubble area and can't be accelerated further. The trapped orbits in the second and third front half-cycles show the potential of actual acceleration of positrons, as the transverse electrostatic force act as a focusing force.
However, unlike electron self-injection, positrons initially at rest cannot be self-injected into these areas [27] , thus an injection scheme is required. An injection scheme for positrons can either change the structure of wakefield during the course to reconnect fluid orbits to trapped orbits, or let positrons enter the trapped orbits from higher dimensions.
The proposed "ballistic" injection scheme employs the latter method and let positrons scattered by other bubbles enter transversely. Figure 3 illustrates the configuration of this ballistic injection scheme with a time delay of τ=0.62 as an example. In the case of τ = 0.62 ps (shown as Fig. 4 (a) There may be an operational way to control the accelerated positron beam shape, which will be considered in a following work. The results also suggest that the relative time delay τ between the two laser pulses can also be used for different purposes of positron acceleration such as achieving a better relative energy spread or a higher total charge.
Interestingly, a kind of ring shaped dual quasi-monoenergetic high-energy positron beams can be achieved in this scenario. As expected, the magnitude of the accelerating field for positrons is close to that of electrons through estimation. More energetic positrons can also be achieved through increasing the distance of acceleration field, which needs optimization of the matching parameters of both laser and plasma densities as those can be done for electrons [9, 10, 12, 22] .
In this paper a ballistic injection method for positrons in laser wakefield acceleration is proposed with the requirement of co-axial co-propagating Gaussian and ring-shaped laser 
Methods
Approximation and normalization
Normalization was considered for simplicity, where we use / instead of for time, For easy understanding, delay is normalized to / , where is the spatial period of a plasma wake, and the value means a relative delay of Gaussian laser with respect to the ring-shaped laser.
The positron density is assumed to be , which is assumed to be much lower than , e.g. = 0.01 , to guarantee there are no apparent affection to the plasma field and the models for laser interacting with cold plasma could be applied. The contribution of positrons can also be neglected when analyzing the shape and fields of the plasma bubble.
Particle-in-cell simulations
The simulations are conducted by the Particle-in-cell code EPOCH [35] . In this method, collections of physical particles are represented using a smaller number of pseudoparticles, and the fields generated by the motion of these pseudoparticles are calculated using a finite difference time domain technique on an underlying grid of fixed spatial resolution. The forces on the pseudoparticles due to the calculated fields are then used to update the pseudoparticle velocities, and these velocities are then used to update the pseudoparticle positions. This leads to a scheme which can reproduce the full range of classical microscale behavior of a collection of charged particles.
Simulation parameters
The incident laser propagates along the x-axis and is linearly polarized in the x-y plane.
Two beams enter the simulation region from the left boundary with spatial and temporal 
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